Stochastic modeling of discontinuous dynamic recrystallization at finite strains in hcp metals by Tutcuoglu, A. D. et al.
 Accepted Manuscript
Stochastic modeling of discontinuous dynamic recrystallization at
finite strains in hcp metals
A.D. Tutcuoglu, A. Vidyasagar, K. Bhattacharya, D.M. Kochmann
PII: S0022-5096(18)30356-9
DOI: https://doi.org/10.1016/j.jmps.2018.09.032
Reference: MPS 3463
To appear in: Journal of the Mechanics and Physics of Solids
Received date: 30 April 2018
Revised date: 29 August 2018
Accepted date: 25 September 2018
Please cite this article as: A.D. Tutcuoglu, A. Vidyasagar, K. Bhattacharya, D.M. Kochmann, Stochastic
modeling of discontinuous dynamic recrystallization at finite strains in hcp metals, Journal of the
Mechanics and Physics of Solids (2018), doi: https://doi.org/10.1016/j.jmps.2018.09.032
This is a PDF file of an unedited manuscript that has been accepted for publication. As a service
to our customers we are providing this early version of the manuscript. The manuscript will undergo
copyediting, typesetting, and review of the resulting proof before it is published in its final form. Please
note that during the production process errors may be discovered which could affect the content, and
all legal disclaimers that apply to the journal pertain.
ACCEPTED MANUSCRIPT
AC
CE
PT
ED
 M
AN
US
CR
IP
T
Stochastic modeling of discontinuous dynamic recrystallization
at finite strains in hcp metals
A. D. Tutcuoglua,b, A. Vidyasagara,b, K. Bhattacharyab, D. M. Kochmanna,b,∗
aMechanics & Materials, Department of Mechanical and Process Engineering, ETH Zu¨rich, 8092 Zu¨rich, Switzerland
bDivision of Engineering and Applied Science, California Institute of Technology, CA 91125 Pasadena, USA
Abstract
We present a model that aims to describe the effective, macroscale material response as well as the underlying
mesoscale processes during discontinuous dynamic recrystallization under severe plastic deformation. Broadly, the
model brings together two well-established but distinct approaches – first, a continuum crystal plasticity and twinning
approach to describe complex deformation in the various grains, and second, a discrete Monte-Carlo-Potts approach
to describe grain boundary migration and nucleation. The model is implemented within a finite-strain Fast Fourier
Transform-based framework that allows for efficient simulations of recrystallization at high spatial resolution, while
the grid-based Fourier treatment lends itself naturally to the Monte-Carlo approach. The model is applied to pure
magnesium as a representative hexagonal closed packed metal, but is sufficiently general to admit extension to other
material systems. Results demonstrate the evolution of the grain architecture in representative volume elements and
the associated stress–strain history during the severe simple shear deformation typical of equal channel angular ex-
trusion. We confirm that the recrystallization kinetics converge with increasing grid resolution and that the resulting
model captures the experimentally observed transition from single- to multi-peak stress–strain behavior as a function
of temperature and rate.
Keywords: Recrystallization, Monte-Carlo, Homogenization, Magnesium, Polycrystal
1. Introduction
Strengthening metals through grain refinement based on the relation of Hall (1951) and Petch (1953) can be
achieved by a number of forming processes that induce a microstructural reorganization of the polycrystalline grain
structure, with processes ranging from asymmetric roll bonding and asymmetric rolling to high-pressure torsion and
equal channel angular extrusion (ECAE) (see e.g. Hallberg (2011); Sakai et al. (2014)). Controlling a material’s
performance through such processing routes calls for accurate structure–property relations as well as for efficient
computational models that predict the underlying microstructural mechanisms as a function of the thermo-mechanical
process parameters. Here, we present a micromechanical model which describes recrystallization, one of the key
underlying causal mechanisms of changes to the grain structure in metals, encountered e.g. during the ECAE process.
Recrystallization occurs in various ways. Static recrystallization is a temperature-driven process that occurs under
slowly-varying, creep-like loading conditions such as during annealing (Sakai et al., 2014; Zhang et al., 2013), where
the average grain size increases with a negative impact on the strength properties. This can be overcome, e.g., through
alloying by rare earth metals, as shown for Mg-Zn-Zr alloys enriched with Er and undergoing static recrystallization
at high temperatures (Zhang et al., 2013). Occurring at higher loading rates, dynamic recrystallization1 emerges
from the competition between recrystallization and continued plastic deformation such as during ECAE. It is further
∗Phone +41-44-632-32-76.
Email address: dmk@ethz.ch (D. M. Kochmann)
1Note that dynamic refers to the fact that the recrystallization mechanisms occur during continued plastic deformation. It does not refer to
inertia or shocks.
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subcategorized according to the two underlying microstructural processes. Generally observed in high-stacking-
fault-energy metals such as aluminum, continuous dynamic recrystallization describes the gradual transformation
of subgrain structures formed from dislocation networks into new grains, resulting in grain refinement (Tan and
Tan, 2003; Gourdet and Montheillet, 2003; Bacca et al., 2015). Discontinuous dynamic recrystallization describes
the process of grain nucleation at high-energy sites and the subsequent grain growth by grain boundary migration
(Fatemi-Varzaneh et al., 2007, 2013; Cram et al., 2009), which predominantly occurs in metals with low stacking
fault energy such as magnesium (Mg) (Sakai et al., 2014). While it is generally acknowledged that nucleation is
driven by the reduction of stored elastic and plastic strain energy density (Sreekala and Haataja, 2007; Totten et al.,
2004), the exact nucleation criterion is a debated subject: a critical local dislocation density required for nucleation is
frequently proposed (Takaki et al., 2008; Sakai et al., 2014), whereas other reports concentrate on a critical (plastic)
strain instead (Cram et al., 2009; Chen et al., 2015); yet another approach is based on a critical inelastic strain energy
density Mellbin et al. (2016). As a competing mechanism, grain boundary migration, is driven by the difference
in stored strain energy between neighboring grains with differing plastic histories (Hallberg, 2011; Huang and Loge´,
2016). Thus, discontinuous dynamic recrystallization involves the interplay between three phenomena – severe plastic
deformation of a polycrystal, grain boundary migration and grain nucleation. In particular the interplay of classical
continuum plasticity deformation modes with the statistical nature of grain nucleation and boundary motion poses
modeling challenges, which is the focus of this paper.
Numerous models have been established to model dynamic recrystallization. Among the most prominent ones
stands the phase-field method, in which every grain is associated with a continuous order parameter defined through-
out a representative volume element (RVE) (Chen et al., 2015; Sreekala and Haataja, 2007; Moelans et al., 2013).
While grain boundary migration is naturally integrated into such a diffuse-interface description through, e.g., Allen-
Cahn-type kinetics for the order parameter (Allen and Cahn, 1972), modeling grain nucleation is not as readily accom-
plished. For example, Chen et al. (2015) nucleated grains in the framework of static recrystallization with new grains
exclusively deforming in an elastic manner, hence allowing for comparison with phenomenological recrystallization
theories such as the JMAK model of Kolmogorov (1937); Johnson and Mehl (1939); Avrami (1939), but prevent-
ing the typical multi-peak stress–strain behavior observed during discontinuous dynamic recrystallization. Similarly,
Zhao et al. (2016, 2018) presented a scheme coupling FFT-based viscoelastic and phase-field models in conjunction
with an elaborate statistics-based nucleation criterion to capture dynamic recrystallization in copper. Although their
model successfully replicates the single-peak stress–strain evolution in a compression experiment involving dynamic
recrystallization at 723 K, it is restricted to linearized kinematics without strong plastic anisotropy. Furthermore, the
fully recrystallized state assumes no contribution to the stored energy, so that multi-peak stress–strain behavior is
out of the scope in that scheme. Gentry and Thornton (2015) investigated recrystallization in titanium, a metal which
possesses hexagonal close-packed (hcp) crystallography at room temperature. Their model, however, does not capture
twinning and – similar to Chen et al. (2015) – nucleation is introduced in a simplified, numerically convenient way
(new grains are introduced as spherical, dislocation-free regions held constant for a period of time to prevent the inter-
face energy from forcing the recrystallized grain to disappear). Although phase-field models are highly parallelizable,
tracking the evolution of every order parameter nevertheless demands for extensive computational resources (which
can be mitigated somewhat by tracking the support of each order parameter (Takaki et al., 2008; Kim et al., 2006)).
Computationally less expensive alternatives are discrete state methods such as cellular automata and the Monte-
Carlo-Potts (MCP) model. Various such models have been proposed for recrystallization but have been limited by their
simplifying constitutive or kinematic assumptions. Ding and Guo (2001) and Hallberg et al. (2010), e.g., presented
cellular automata to model discontinuous dynamic recrystallization in copper. While the nucleation rate in their
models did depend on strain rate and temperature (allowing the model to replicate their respective influence on single-
and multiple-peak stress–strain responses), the underlying plasticity model (based on Mecking and Kocks (1981),
using the dislocation density as the sole internal variable) is insufficient in cases of severe plastic anisotropy.
As an alternative discrete state method, Rollett et al. (1992) introduced an MCP model to capture the strain rate-
and temperature-dependent transition from single- to multi-peak flow in order to analyze the importance of the initial
average grain size; yet the underlying plasticity model was relatively simple and insufficient for hcp metals. A 3D-
Monte-Carlo model was presented by Ivasishin et al. (2006), which introduced the influence of surface tension via
shape factors and included misorientation dependence of the grain boundary energy through the model of Read and
Shockley (1950). An overview over the aforementioned models as well as alternatives such as the level set method
and vortex method is provided by the reviews of Hallberg (2011) and Huang and Loge´ (2016).
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In addition to the shortcomings of prior models of recrystallization, the majority of the above presented models
is restricted to metals experiencing isotropic inelasticity. As a consequence, those models do not apply to hexagonal
closed packed (hcp) metals such as Mg and its alloys, experiencing anisotropic plasticity as well as alternative strain-
accommodating processes such as deformation twinning (Christian and Mahajan, 1995) whose finite twinning shears
are not representable by small-strain models. Recent work by Asadi et al. (2015) captured dynamic recovery and
dynamic recrystallization in Mg alloy AZ91 by a 2D cellular automaton. However, the underlying material model
based on Mecking and Kocks (1981) does not yield an accurate representation of the anisotropic inelasticity in hcp
metals. Furthermore, homogeneity within grains was assumed. Still based on the assumption that flow stress is
dependent on a single scalar variable, Wang et al. (2018) used the model of Estrin and Mecking (1984) within a
2D cellular automaton to model dynamic recrystallization in Mg alloy ZM21; however, that model neglected linear
momentum conservation on the microscale and hence did not capture the heterogeneous deformation within grains.
While all of the above approaches have provided insight into particular aspects of dynamic recrystallization, a
comprehensive model that captures discontinuous dynamic recrystallization at finite deformations, while accounting
for the statistical nature of grain nucleation and migration, and suitable for strong inelastic anisotropy is presently
missing – but needed to understand, e.g., ECAE of Mg alloys. The goal of this paper is to fill this gap. The key idea
is illustrated in Figure 1. We perform fully resolved simulations of the plastic deformation in polycrystals using an
extended crystal plasticity model in conjunction with a Fast-Fourier-transform (FFT) based solver. The fully resolved
simulation allows us to capture the non-uniformity of plastic deformation at the subgranular level and appropriately
mimics the deterministic nature at the time-scale of interest. Simultaneously, we model grain boundary migration and
grain nucleation using a statistical MCP model. Since the latter requires a discrete regular grid, we use the FFT-based
continuum mechanics solver to blend the continuum and discrete approaches. Each grid point is associated with a
particular grain and carries information about the crystallographic orientation as well as elastic and plastic states. At
each Monte-Carlo time step, we either migrate the grain boundary or nucleate a new grain based on probabilities that
depend on the elastic and plastic states of the grid point. We subsequently update the elastic and plastic states and
iterate. For the time scale of interest, this allows us to couple the deterministic nature of plastic deformation with the
stochastic nature of grain nucleation and migration. Representative of the highly anisotropic inelastic deformation
mechanisms in hcp metals, we choose an extended crystal plasticity model for pure Mg Chang and Kochmann (2015);
Chang et al. (2017), which includes twinning in an effective, volume-fraction based sense.
The remainder of this contribution is structured as follows. Section 2 briefly summarizes the constitutive model
for Mg as a representative hcp material and the FFT-based homogenization scheme which turns the continuum RVE
problem into a discrete grid-based problem. Within this framework, Section 3 introduces the model for recrystalliza-
tion, followed by a verification of proper convergence and scaling of the numerical scheme in Section 4. Once the
theory has been laid out and the numerics verified, simulations of the microstructural evolution and resulting effective
response of Mg during ECAE are presented in Section 5. To demonstrate the versatility of the model, the influence
of its various parameters on the material response is illustrated in Section 6. Finally, Sections 7 and 8 discuss the
findings and conclude our investigation, respectively.
a
1
a
2
a
3
c
{0001}<1120>
basal
a
1
a
2
a
3
c
{1011)<1012>
tensile twin
+ + + + + + + + +
+ + + + + + + + +
+ + + + + + + +
+ + + + + + + +
+ + + + + + + + +
+ + + + + + + + +
+ + + + + + + + +
+ + + + + + + + +
+ + + + + + + + +
+ + + + + + + +
+ + + + + + + +
+ + + + + + + + +
+ + + + + + + + +
+ + + + + + + + +
+ +
++
NCL: nucleation of new grains
GBM: grain boundary migration
extended crystal plasticity model
a
1
a
2
a
3
c
{1011}<1120>
pyramidal
description on a discrete, regular grid
combining effects of 
slip and twinning
Monte-Carlo-Potts (MCP) model
of recrystallization
FFT-based 
solver
MCP
algorithm
+ + + + + + + + +
+ + + + + + + + +
+ + + + + + + +
+ + + + + + + +
+ + + + + + + + +
+ + + + + + + + +
+ + + + + + + + +
+
+
+ + + + + + + + +
+ + + + + + + + +
+ + + + + + + +
+ + + + + + + +
+ + + + + + + + +
+ + + + + + + + +
+ + + + + + + + +
+
Figure 1: Schematic overview of the presented model, which uses an extended crystal plasticity formulation whose FFT-based discrete solution
allows for the coupling to a Monte-Carlo-Potts description of recrystallization.
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2. RVE-level finite-strain crystal plasticity continuum model and discretization
2.1. Single-crystal constitutive model: slip & twinning in magnesium
Plasticity in hcp metals emerges from the activation of a total of ns = 18 slip systems: 〈c+a〉-pyramidal and
〈a〉-pyramidal systems each contribute six systems, alongside basal and prismatic slip which each contribute three
slip systems. The significantly lower critical resolved shear stresses in the basal plane as compared to slip on non-
basal planes results in the activation of alternative strain-accommodating processes, which in the case of hcp metals is
provided by deformation twinning (Christian and Mahajan, 1995). Although recent studies based on density functional
theory (DFT) suggest the presence of eleven twin systems (Sun et al., 2017), we here constrain ourselves to the
two most easily activated systems, viz. compression and extension twins (with the respective names referring to the
loading along the c-axis). Also, we restrict our model to the inclusion of the basal, prismatic and 〈c+a〉-pyramidal
systems, while neglecting 〈a〉-pyramidal systems based on the discussion in Chang and Kochmann (2015). Plastic
slip is quantified through the notion of slip activities γ = {γ1, . . . , γn2 } ∈ Rns . To capture hardening, we define the
accumulated plastic slips ε = {ε1, . . . , εn2 } ∈ Rns+ via the evolution law (with initial condition ε = 0)
˙α = |γ˙α| ∀ α ∈ {1, ..., ns}. (1)
Since twin lamellae may form on length scales far below the granular scale, we follow the strategy of (Agnew
et al., 2001; Staroselsky and Anand, 2003; Graff et al., 2007; Homayonifar and Mosler, 2011; Zhang and Joshi, 2012)
and define the homogenized notion of a twin volume fraction λ = {λ1, . . . , λntw } ∈ [0, 1]ntw , capturing the local effective
volume fraction2 of the twinned crystal at any point on the polycrystalline mesoscale, where ntw denotes the number
of twin systems. We further impose the constraint
∑ntw
β=1 λβ ≤ 1.
Following Kalidindi (2001), we neglect the effect of kinematic interactions between slip and twinning but instead
include relaxation due to both slip and twinning into Fin so as to yield the multiplicative decomposition F = FeFin
with F = Gradϕ denoting the deformation gradient. The additive decomposition of the velocity gradient,
l = ˙FF−1 = le + lin = le + Fe ˜lin (Fe)−1 with le = ˙Fe (Fe)−1 , ˜lin = ˙Fin(Fin)−1, (2)
introduces the effects of slip and twinning via the inelastic velocity gradient (Chang and Kochmann, 2015)
˜lin = ˜lp + ˜ltw with

˜lp =
ns∑
α=1
γ˙α

1 − ntw∑
β=1
λβ
 sα ⊗ mα + ntw∑
β=1
λβs
′
αβ ⊗ m′αβ
︸                                                ︷︷                                                ︸
≡pα
,
˜ltw =
ntw∑
β=1
˙λβγ
tw
β aβ ⊗ nβ.
(3)
Here, vectors (sα,mα) define slip system α, whereas (aβ, nβ) define twin system β and γtwβ denotes the respective
twinning strain. The two mirrored slip systems in the twinned crystal result from a Householder mapping applied to
the respective parent slip system such that
s′αβ = Qβsα, m′αβ = Qβmα, Qβ = I − 2nβ ⊗ nβ. (4)
We use a variational setting based on the Helmholtz free energy density W = W(F, Fin, ε, λ) which decomposes
into elastic strain energy and plastic stored energy due to slip and twinning according to
W(F, Fin, ε, λ) = Wel
(
F
(
Fin
)−1)
+ Wsl(ε) + Wtw(λ). (5)
2The effective twin volume fractions λβ ∈ [0, 1] capture only the effects of crystallographic reorientations at the relevant mesoscopic scale in
a homogenized sense (by reorienting the slip and twin systems), without describing individual twin lamellae at lower scales. This model thus
captures stress concentrations at twin boundaries only in case of macro-twins on the level of the numerical discretization (and analogous to GBs)
while local concentrations near, e.g., nanoscale twin lamellae are not accounted for explicitly.
4
ACCEPTED MANUSCRIPT
AC
CE
PT
ED
 M
AN
US
CR
IP
T
We further define the dual dissipation potential (Ortiz and Repetto, 1999) as
Ψ∗(ε˙, ˙λ) = Ψ∗sl(ε˙) + Ψ∗tw(˙λ), (6)
so that the principle of the minimum dissipation potential yields differential inclusions of the form
0 ∈ ∂
∂γ˙α
(
˙W + Ψ∗
)
= −|τpα| + ∂Wsl
∂α
+
∂Ψ∗
sl
∂˙α
∀ α ∈ {1, . . . , ns}
0 ∈ ∂
∂˙λβ
(
˙W + Ψ∗
)
= −τtwβ +
∂Wtw
∂λβ
+
∂Ψ∗tw
∂˙λβ
∀ β ∈ {1, . . . , ntw}
with
 τ
p
α = Σ · pα
τtwβ = γ
tw
β Σ ·
(
aβ ⊗ nβ
) , (7)
where Σ = (Fe)T P(Fin)T denotes the Mandel stress tensor, and P = ∂W/∂F = ∂Wel/∂F represents the first Piola
Kirchhoff stress tensor.
The elastic strain energy density is modeled using the isotropic compressible Neo-Hookean energy density
Wel(F) = µ2
( I1
J−2/3
− 3
)
+
λ
2
(J − 1)2 with I1 = tr
(
FT F
)
, J = det F (8)
with µ and λ denoting the shear and bulk modulus, respectively. The choice of an isotropic model is based on the
work of Chang and Kochmann (2015) who showed that anisotropic elastic models (see, e.g., Schro¨der et al. (2008))
have negligible effects on simulated results – due to the low elastic anisotropy in Mg – while increasing computational
costs.
The inelastic strain energy density due to slip is decomposed into self- and latent hardening contributions and adds
to the plastic anisotropy inherent in hcp metals:
Wsl = Wsl,lat + Wsl,self =
1
2
ε · Hε +
∑
α
σ∞α
[
α +
σ∞α
hα
exp
(
−hαα
σ∞α
)]
, (9)
where Voce hardening (Agnew et al., 2001; Graff et al., 2007) captures the high resistance of prismatic and pyramidal
slip (Homayonifar and Mosler, 2011) with σ∞α and hα representing the ultimate stress and hardening rate on the αth
slip system, respectively. H is a symmetric matrix endowed with the hardening moduli on its off-diagonals and a
zero diagonal (which is positive-definite for all sensible values of α). For twinning, we assume quadratic hardening
for both self-induced as well as latent twin hardening, with self-hardening moduli hβ and zero-diagonal endowed,
symmetric latent hardening matrix K , yielding
Wtw = Wtw,self + Wtw,lat with

Wtw,self =
ntw∑
β=1
1
2
hβλ2β
Wtw,lat =
1
2
λ · Kλ
. (10)
Following Ortiz and Stainier (1999), power-law dissipation potentials of the form
Ψ∗sl(γ˙) =
ntw∑
α=1
τ0,αγ˙0,α
mα + 1
(
γ˙α
γ˙0,α
)mα+1
and Ψ∗tw =
ntw∑
β=1
τ0,tw,β ˙λ0,β
mtw,β + 1
(
˙λβ
˙λ0,β
)mtw,β+1
, (11)
are introduced for plastic slip and twinning, respectively. The slip hardening exponent mα is close to 0 to approximate
rate independence without compromising the ability to explicitly perform internal variable updates. Although recent
findings suggest rate independence for twinning (Ulacia et al., 2010), in the framework of explicit state updates, we
follow Chang and Kochmann (2015) and choose the above dissipation potential where mtw,β, τ0,tw,β and ˙λ0,β represent
the twin hardening exponent, critical resolved shear stress, and reference twin rate for the βth twin system, respectively.
Even though implicit variational constitutive updates (Ortiz and Stainier, 1999) allow for significantly larger
load/time steps as shown by Chang and Kochmann (2015) for the present constitutive model, we here favor explicit
updates for the following reasons. Explicit updates improve numerical stability and convergence for high numbers of
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slip and twin systems as those described here. Also, recrystallization (discussed in Section 3) will be treated in an
explicit fashion and, at times, requires to be resolved at time steps smaller than those characteristic of implicit updates.
Therefore, we solve the evolution laws for both slip and twin ratios explicitly,
γ˙α = γ˙0,α
∣∣∣∣∣∣∣ |τ
p
α| − ∂Wp∂α
τ0,α
∣∣∣∣∣∣∣
1/mα
sign
(
τ
p
α
)
and ˙λβ = ˙λ0,β
∣∣∣∣∣∣∣∣
τ
p
β − ∂W
p
∂λβ
τ0,β
∣∣∣∣∣∣∣∣
1/mβ,tw
, (12)
by explicit time integration using a forward-Euler scheme, provided mα,mβ,tw , 0. Since the nearly rate independence
demands small hardening coefficients mα,p, small increments are required to prevent the forward-Euler scheme from
overshooting. All numerical values of the model parameters are summarized in Table A.2.
2.2. Polycrystal response and FFT-based homogenization
The above crystal plasticity model is employed within an RVE Ω that contains a representative grain network at
the mesoscale. Mechanical equilibrium is enforced with periodic boundary conditions on its boundary ∂Ω in order
to link the microstructural fields to the effective material behavior at the macroscale, as observed in metal forming
processes. To this end, we follow concepts of classical homogenization (Kouznetsova et al., 2001; Miehe et al.,
2002; Geers et al., 2010) where the the macroscopic deformation gradient F∗ is imposed as the RVE average, i.e.,
〈F(X)〉 = F∗ where 〈·〉 = |Ω|−1 ∫
Ω
(·)dV . Within the RVE, the deformation mapping is obtained from quasistatic linear
momentum balance, Div P = 0, while the internal variables follow the inelastic evolution laws discussed above. The
macroscopically experienced, effective stress equals the RVE average P∗ = 〈P∗(X)〉. In the chosen applications we
neglect body forces and inertial effects.
With the MCP model in mind, we discretize the RVE into a regular grid and apply the concepts of Moulinec and
Suquet (1994) to solve the governing equations in Fourier space (see also Lebensohn et al. (2012); Eisenlohr et al.
(2013); Lebensohn and Needleman (2016)). To this end, the RVE is discretized into n = N3 grid points in 3D space,
with N denoting the number of grid points per side and Xk, k ∈ {1, ..., n} referring to the position of each grid point in
the undeformed configuration.
Our numerical predictor-corrector iterative scheme starts with an initial guess F0(Xk) for the distribution of F(Xk)
in the RVE, which allows to evaluate the stress tensor field P0(Xk) = P(F0(Xk)) as well as the stiffness tensor field
C0 = C(F0(Xk)). We compute the average stiffness tensor Cavg,m ≡ 〈Cm(X)〉 at each iteration step m by averaging
over all grid points in the RVE. Based on the average stiffness tensor as a linear reference medium3, we define a stress
perturbation field τ(X) such that at every point X ∈ Ω
τm(X) = Pm(X) − Cavg,mFm(X), (13)
Substituting (13) into the linear momentum conservation equation yields
Div τm(X) + Div [Cavg,mFm(X)] = 0. (14)
Applying a discrete Fourier transform to (14) along with the relation F(X) = Gradϕ(X) yields an explicit update rule
for the deformation gradient in Fourier space (with Kk ∈ T denoting the wave vectors and T the complete set of the
n wave vectors in Fourier space), which becomes, using indicial notation,
ˆFm+1jL (Kk) =

[
Ami j(Kk)
]−1
τˆmiJ(Kk)KkJ KkL for Kk , 0,
F∗jL for Kk = 0,
(15)
with the acoustic tensor components
Amik(Kk) = Cavg,miJkL KkLKkJ . (16)
3Although it was shown that choosing the average stiffness tensor as a reference may lead to divergence, using Cavg leads to stable results in
our framework, thus avoiding the need for a more elaborated scheme as presented, e.g., by Kabel et al. (2014).
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Starting with F0(Xk), this provides an iterative update procedure that is solved by fixed-point iteration: ˆFm+1(Kk)
is computed in Fourier space, transformed into Fm+1(Xk) in real space, followed by the evaluation of Pm+1(Xk),
τm+1(Xk) and Cave,m+1. After Fourier transform, the resulting ˆPm+1(Kk) and τˆm+1(Kk) are used in Fourier space for the
next update, until convergence is achieved in the sense of the discrete L2-norm of the stress perturbation τm.
Rather than applying the above FFT-based scheme directly, we use a finite-difference approximation for all spatial
derivatives before applying the Fourier transform (Mu¨ller, 1998; Lebensohn and Needleman, 2016). This approxima-
tion, applied to the related problem of small-strain inelasticity in (Vidyasagar et al., 2017), uses a central-difference
approximation and leads to the approximate Fourier transform of a derivative
F
(
∂ f
∂xi
)
= −ihkiF ( f ) ≈ − i sin(hki∆x)
∆x
F ( f ), (17)
which converges to the exact derivative with decreasing grid size (∆x → 0). A major improvement, this finite-
difference correction considerably mitigates ringing artifacts and Gibbs phenomena associated with sharp gradients
in material properties (such as those across grain or twin boundaries). In Vidyasagar et al. (2017) and Vidyasagar
et al. (2018), this correction was successfully applied to polycrystals of small-strain ferroelectric ceramics and of
finite-strain crystal plasticity in Mg, respectively; the reader is referred to those publications for further information.
The above numerical scheme is solved in a time-incremental fashion to find a sequence of mechanical equilibria,
using a constant time step ∆t such that, here and in the following, (·)α denotes4 a quantity evaluated at time tα = α ·∆t.
3. A stochastic model for recrystallization
Modeling recrystallization requires to account for both grain nucleation (NCL) and migration (GBM), which is
accomplished here by a stochastic model. In a nutshell, each point inside the RVE is associated with a particular grain
through its crystallographic orientation (manifesting in the model through the slip and twin system orientations, and
potentially through elastic anisotropy). The grain association of a material point is referred to as a its state. Consider
an RVE containing nG grains, so that each point has a unique integer state s ∈ [1, nG] describing its crystallographic
orientation (in the undeformed configuration). At any point in time, a material point is allowed to undergo a state
switch, i.e., to either nucleate a new grain (with a fresh crystallographic orientation, raising nG by one) or, if in the
vicinity of a grain boundary (GB), to join a neighboring grain and adopt its orientation. Whether or not such a state
switch occurs depends on the current state of the local elastic and inelastic fields as well as on temperature and defor-
mation history. Inspired by the Monte-Carlo-Potts (MCP) model (Potts, 1952) as well as the Monte-Carlo-Metropolis
and Metropolis-Hasting algorithms (Metropolis et al., 1953; Molkaraie and Go´mez, 2015), the probability of switch-
ing increases with the stored energy release upon a state switch. The probability also increases with temperature
through thermal fluctuations. We exploit the the crystal plasticity framework introduced in Section 2 to define state
switches and the related release of elastic and inelastic energy, and we exploit the FFT-based grid discretization to
apply the MCP scheme in a spatially and temporally discrete fashion.
To this end, we will introduce an MCP model to define the probability of a state switch (Section 3.1), lay out
how a state switch affects the local elastic and internal variables (Section 3.2), and integrate the time evolution of
the thus-obtained recrystallization model with the RVE-level mechanical boundary value problem (Section 3.3). The
overall incremental realization of the stochastic model is illustrated in Fig. 2.
3.1. Monte-Carlo-Potts model: probability of state switching
In order to capture the stochastic nature of state switches, we adopt an MCP-like approach (Potts, 1952; Anderson
et al., 1984; Srolovitz et al., 1984a,b; Rollett et al., 1992; Janssens et al., 2010). Unlike the model of Ising (1925) which
restricts the total number of states to two, our MCP model accounts for as many degenerate states as there are grains
present at any given time (and the number of grains, nG, is allowed to change in case of the nucleation of new grains
or the consumption of existing grains). Instead of checking all n points inside the RVE for a potential state switch,
we randomly select nMC,GBM, nMC,NCL  n representative points for GBM/NCL at each time step and check which of
4We use Greek indices for time steps to avoid confusion with classical index notation.
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Figure 2: Schematic view of the state switch procedure: nMC,GBM MCP sampling points are chosen from only those grid points adjacent to GBs,
and nMC,NCL sampling points from all n grid points. For each chosen grid point, possible options for state switches include the nucleation of a new
grain (shown in yellow) or the adaption of the grain orientation of one of the neighboring points across a GB. In the latter case, the current energy
I of each chosen sampling point is compared to its energy ˜I after a possible state switch, by adopting the orientation of a neighboring grid point
lying within an adjacent grain; the probability of switching depends on the energy difference E = ˜I − I. Shown is also the definition of volume
element ∆V and surface element ∆S .
those will undergo a state switch based on the criteria to be defined in Section 3.2. In a variation of the classical MCP
model, we choose the nMC,GBM points exclusively from those grid points adjacent to the GBs inside the RVE, whereas
the nMC,NCL points are generally chosen from the n grid points. For proper scaling, we choose nMC,GBM ∝ n2/3 to
conserve the number of MCP points chosen from the GBs. The specific choice of the ratios mMC,i = n/nMC,i (with
i = GBM or NCL) naturally introduces the characteristic time scales of recrystallization. As shown in Section 4, the
speed of migrating GBs is preserved if the discrete time step is chosen according to ∆t ∝ n−1/3 = N−1. We further
adopt the scaling for nMC,NCL ∝ ∆t to control the nucleation rate.
The driving force behind a state switch is the reduction of stored energy. The total energy I of the RVE is com-
posed of mechanical (Helmholtz) energy stored within Ω (including elastic and inelastic contributions) and interface
energy concentrated in the GBs with surface energy density γ (and the collection of all GBs denoted by Γ), so that5
I =
∫
Ω
A
(
F(X), Fin(X), ε(X), λ(X); s(X)
)
dV +
∫
Γ
γ(s+, s−)dS
≈ ∆V
n∑
k=1
A
(
Fk, Fink , εk, λk; sk
)
+ ∆S
nΓ∑
l=1
γ(sl+ , sl− ).
(18)
Here, we approximate the total energy by a discrete sum over all n grid points in the RVE (each associated with a pixel
volume ∆V), while the surface integral becomes a discrete sum over all nΓ straight interface segments (each associated
with a pixel surface ∆S ); see Fig. 2. Note that the Helmholtz free energy is local and the dependence on state s is
implicit through the slip and twin system orientations. The interface energy, in principle, depends on the two states
sl+ and sl− on both sides of a GB. For simplicity, we here assume a constant GB energy density γS which does not
depend on misorientation, e.g., a` la Read and Shockley (1950) or Wolf (1989). We note that misorientation-dependent
GB mobilities (Winning et al., 2001; Winning and Rollett, 2005) or more complex boundary energy formulations
(Ivasishin et al., 2006) can be readily included in our model but are neglected here.
Consider a local state switch from sk to s˜k, i.e., grid point k change its grain association, which comes with a
change in crystal orientation as well as a change of (Fk, Fink , εk, λk) into some ( ˜Fk, ˜Fink , ε˜k, ˜λk). Owing to the form of
the energy in (18), the total change in energy due to this switch is local and given by
∆E = ˜I − I = ∆V
[
A
(
˜Fk, ˜Fink , ε˜k, ˜λk; s˜k
)
− A
(
Fk, Fink , εk, λk; sk
)]
+ ∆S
∑
l∈Ik
γ(sk, sl), (19)
5For conciseness, here and in the following we implicitly include the position dependence at position Xk via subscripts (·)k , such that, e.g.,
Fk ≡ F(Xk), etc.
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where Ik denotes the set of the six nearest-neighboring grid points of point k and
γ(sk, s j) = γS δ(sk, s j) with δ(sk, s j) =
1 if sk = s j,0 else, (20)
so that only interfaces between neighboring grid points associated with different grains contribute GB energy.
Based on the above energy difference and in analogy to the well-established Glauber dynamics (Glauber, 1963),
acceptance thresholds are defined as
wGBM(∆E) = 12
[
1 − tanh
(
∆E − ∆Ecr,GBM
kBTs
)]
, wNCL(∆E) = 12
[
1 − tanh
(
∆E − ∆Ecr,NCL
kBTs
)]
(21)
with Boltzmann’s constant kB, an effective temperature Ts, and a constant ∆Ecr > 0.
Threshold (21) is used to decide, given a potential energy release ∆Ek, whether or not a material point k switches
state by either NCL or GBM. If any of the nMC = nMC,GBM + nMC,NCL sampling points is identified to have ∆Ek < 0
for a possible state switch, a random number ξ ∼ U[0, 1] is generated following a uniform distribution U[0, 1]. The
new state is accepted if ξ ≤ w(∆Ek) and rejected if ξ > w(∆Ek). Since increasing ∆Ecr decreases the threshold w(∆E)
for a given ∆E (see Fig. 3), ∆Ecr,GBM aims at capturing the dissipative drag of GBM while ∆Ecr,NCL sets a nucleation
threshold. All MCP model parameters used in subsequent simulations are summarized in Table 1.
Table 1: MCP model parameters chosen for the subsequent simulations of dynamic recrystallization, unless otherwise noted.
TS [K] γS [Jm−2] ∆Ecr,NCL [MJm−3] ∆Ecr,GBM [MJm−3]
386 0.38 −1.00 −0.60
3.2. Monte-Carlo-Potts model: state switches
The calculation of ∆Ek requires comparing the currently stored energy A(Fk, Fink , εk, λk; sk) to that of a hypothetical
state A( ˜Fk, ˜Fink , ε˜k, ˜λk; s˜k) after a state switch from sk to s˜k. Our definition of the latter state draws on recrystallization
theory and experimental observations of grain nucleation and migration, and it is based on the following assump-
tions: (i) while nucleation is widely accepted to be predominantly driven by the reduction of elastic strain energy
(Totten et al., 2004; Sreekala and Haataja, 2007), migration is caused by various driving forces associated with the
minimization of the total stored energy (Totten et al., 2004), comprising interfacial as well as (in-)elastic bulk energy.
(ii) Nucleation is observed to result in pristine, dislocation-starved grains (Al-Samman and Gottstein, 2008; Hallberg,
2011; Huang and Loge´, 2016), as imposed in the phase field model of Chen et al. (2015). (iii) While the literature
generally speaks of GBM as an advective process, little is known about the remains of existing dislocations interacting
with migrating GBs (Sakai et al., 2014). Here, we presume that any material point which joins an adjacent grain will
adopt that grain’s crystallographic orientation and slip and twin systems in the current configuration, implying that
Figure 3: Acceptance threshold w as a function of the (normalized) energy difference for various values of TS and ∆Ecr (normalized by some
reference temperature T rs ).
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not only the state s˜ is adopted but also the elastic and inelastic deformation gradients, since, e.g., the slip system in
the current configuration is given by
(
Fes, (Fin)Tm
)
. Overall, this motivates defining the state switch such that
˜Fink =
II ˜Fek =
IFe,neighbor ε˜k =
0εneighbor ˜λk =
0 (NCL)λneighbor (GBM) (22)
where the superscript (·)neighbor refers to a neighboring material point already associated with grain s˜k. We note that this
choice is the authors’ conclusion informed by both physical as well as numerical considerations in lack of sufficiently
insightful experimental data. Appendix B discusses alternative approaches that were investigated. Since this method
differs from previous MCP models (where at most one internal variable was subject to state switches), we refer to this
model as a Field Monte Carlo Potts (FMCP) model.
Importantly, we also aim to maintain the same total deformation for compatibility, i.e., ˜Fk = Fk, which unfortu-
nately renders the constraints (22) mutually exclusive since ˜Fk = ˜Fek ˜Fink = Fe,neighbor , Fk in general. Therefore, we
modify the deformation gradient decomposition by introducing a relative configuration Fr such that
F = FeFrFin. (23)
The idea of a relative or residual deformation gradient was already introduced, e.g., by Simo (1988) as the tangent map
of a superposed spatial diffeomorphism to some deformation mapping or by Asaro (1983), who used it to measure the
reorientation of the lattice with respect to some tensile axis. When using the decomposition (23), (22) can be realized
by setting Fr = I in the undeformed configuration at all material points and choosing
˜Frk = ( ˜Fek)−1 ˜Fk( ˜Fink )−1 (24)
upon each state switch to satisfy compatibility. This also admits a physical interpretation since upon GBM the material
point now adopts the slip and twin system orientations of the adjacent grain (in the current configuration).
(22) along with (23), (24) and ˜Fk = Fk, completely defines a local state switch at a MCP sampling point k
and admits calculating the potential energy differences ∆Ek (for every possible state switch considering the nearest-
neighboring grid points of k). Fig. 4 illustrates the update process upon state switching, explained in the following.
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Figure 4: Visualization of the update process for NCL (a-c) and GBM (d-f): (a,d) selection of a sampling point k (marked in red) and – in the
case of GBM – its neighboring reference point j (marked in black) at time tα, (b,e) instantaneous update of the inelastic variables at time tα, and
(c,f) gradual update of Frk over time [tα, tα+n∗ ] along with mechanical equilibration at each time step, resulting in the matching of Fek of the chosen
sampling point k with identity in the case of NCL and that of the neighboring grid point j in the adjacent grain at the end of the process in the case
of GBM. Imposed changes are red, while changes resulting from mechanical equilibration appear in blue.
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3.3. Monte-Carlo-Potts model: Incremental realization of a state switch
An instantaneous switch of Fek → ˜Fek would result in considerable convergence problems in the RVE-level bound-
ary value problem (caused by sudden changes in the elastic/inelastic fields and the associated resolved shear stresses),
which is why the following gradual update protocol is chosen. In a nutshell, the instantaneous state switch is spread
over a finite time window ∆t∗ – which is in line with dynamic recrystallization being a continuous physical process6.
We assume that the inelastic variables (Fink , εk, λk; sk) – which are tied to the atomic-level crystallographic config-
uration – change spontaneously and instantaneously into ( ˜Fink , ε˜k, ˜λk; s˜k). By contrast, the transition from Fek to ˜Fek is
performed gradually, since it is tied to the long-range elastic fields involving both the material point and relaxation
mechanisms in its vicinity. It is important to note that we cannot control Fek directly (only through Fk, Fink and Frk).
Since Fink → ˜Fink instantaneously as described above, we control Frk to adjust Fek → ˜Fek. Moreover, we gradually
change Fek into ˜F
e
k over a time period ∆t
∗ through an incremental sequence of n∗ = d∆t∗/∆te mechanical equilibria
(where ∆t denotes the time step size of the simulation); see the schematic in Fig. 5. As the final state of this gradual
update (starting at same time tα and continuing over n∗ times steps), we must have Fek,α+n∗ = ˜Fek from (22) – i.e.,
either Fek,α+n∗ = I for NCL, or F
e
k,α+n∗ = F
e
j,α+n∗ = ˜F
e,common
α+n∗ (which is a-priori unknown at tα) for GBM, see Fig. 4.
In summary, this implies that the selected MCP sampling point instantaneously adopts its new crystallography, then
experiences an elastic-plastic evolution over ∆t∗ to continuously adjust grid point k to its target elastic state, thus
achieving a relaxation of the stress state by continuous equilibration in the neighborhood of point k.
In order to gradually change Fe in a physically sensible manner, we use the polar decomposition theorem to write
Fe = ReUe with rotation Re= Fe(Ue)−1 ∈ SO(3) and principal stretch tensor Ue = √(Fe)TFe ∈ GL(3). The gradual
transformation from some given initial elastic deformation gradient Fek,α to the target elastic deformation gradient
˜Fe,targetα+n∗ is therefore accommodated by an iterative adjustment of, individually, stretch and rotation7.
If at time tα grid point k (with reference neighbor j in the case of GBM) has been identified for a state switch, we
carry out the gradual update over time steps β ∈ [α, α + n∗] so that Fek,α → ˜Fek from (22). We introduce tensors ˆRβ
and ˆUβ as follows to define the stretch and rotational contributions to the elastic deformation mapping required to take
point k towards its target at any time step β:
Fek,β ˆFβ =
 I (NCL)Fej,β (GBM) with some ˆFβ = ˆRβ ˆUβ, ˆRβ ∈ SO(3), ˆUβ ∈ GL(3). (25)
We break n∗ down into (n∗−nU) and nU time steps for adjusting the stretches and rotations, respectively. Following the
arguments outlined above, the update of the elastic deformation at point k at time step β+ 1 is thus defined recursively
6Recrystallization experiments are usually conducted on time scales significantly larger than the characteristic microscale relaxation times,
which makes it difficult to extract information on the exact time-dependent evolution mechanisms. Nonetheless, we here propose a continuous
update procedure for the microstructural states as a stable numerical scheme that simultaneously serves as a reasonable hypothesis of the actual
kinetic microstructural evolution.
7Note that by definition, since det Fin = 1 as well as det F > 0 and det Fr > 0 by construction, Fe is always invertible.
 elastic equilibration (spectral update):  DivP = 0
Dt
at each time step:
a+1 a+1
 internal variable update:  l , e
 recrystallization: select sampling points and check for nucleation/GB motion
* *
Dt =n ×Dt
GB motion 
initiated (step b)
 e
gradual adjustment of F
Figure 5: Schematic illustration of the time stepping scheme: at each time step the RVE is equilibrated, internal variables are updated, and nMC
sampling points are checked for grain nucleation or migration. If either is initiated (step b from Fig. 4), then the scheme of Fig. 4 starts, including
a gradual adjustment of Fe through adjusting Fr over n∗ time steps.
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as
Fek,β+1 =

Fek,β ˆU
− 1
nU−(β−α)
β for β ∈ {α, . . . , α + nU − 1}
Fek,β ˆU
−1
β
ˆR
− 1
n∗−(β−α)
β for β ∈ {α + nU , . . . , α + n∗ − 1},
(26)
This scheme ensures that Fek,α+n∗ equals its target value, viz. F
e
k,α+n∗ = I for NCL and F
e
k,α+n∗ = F
e
j,α+n∗ = ˜F
e,common
α+n∗ ∈
GL(3) for GBM. We note that, while (26) is being applied, mechanical equilibration including updates of the internal
variables is also enforced, so that all fields are continuously evolving. The choice of the exponents in (26) is such that,
in the hypothetical case of the absence of any changes to Fe by mechanical equilibration, the incremental stretches and
rotations applied during each step are constant. (The physics-informed scheme (26) is not restricted to recrystallization
but can be applied in any constitutive framework where instantaneous state switches are to be avoided.) An algorithmic
summary of the statistical model described in this section is provided in Table 1.
Recall that, although the elastic deformation gradient is adjusted gradually according to (26), the update of the
inelastic deformation gradient occurs instantaneously at time step α. The same applies to the local orientation sk → s j
(which is unproblematic for elastic isotropy but may require special treatment for anisotropic elastic energy densities).
4. Verification of the numerical scheme: Scaling and Convergence
We first verify that our model is appropriate to yield results independent of grid size as to demonstrate convergence
with grid refinement, before proceeding to polycrystalline benchmark simulations. This is particularly important due
to the statistical FMCP model for recrystallization: while the crystal plasticity setup is size-independent and therefore
expected to converge with h-refinement, the FMCP model is based on randomly selecting nMC,GBM and nMC,NCL grid
points for GBM and NCL, respectively. Those parameters – together with the time step ∆t – affect results when
changing the grid resolution, so that their values must be rescaled appropriately. To this end, Section 3.1 proposed a
scaling aimed at proper convergence of results, which is verified here.
In our simulations the grid spacing is set to ∆X = 2.55 µm. Stochastic models such as the MCP model are
generally not endowed with a physical length scale, so fitting with experiments is required to relate their numerical
length scale to a physical one. Leaving the size of the RVE unchanged would result in ∆X ∝ n−1/3, which in turn
would influence the recrystallization kinetics due to changes in the balance between bulk energy and interface energy
(scaling as ∆V ∝ (∆X)3 and ∆S ∝ (∆X)2, respectively). Therefore, when investigating different RVE resolutions
in the following, we automatically imply a respective scaling of the RVE size to circumvent the aforementioned
issues. Motivated by the deformation during ECAE, in subsequent benchmark tests we apply the average deformation
gradient F∗(t) = I + γ˙sht e1 ⊗ e3 with γ˙sh denoting the applied shear rate.
4.1. Scaling of the number of MCP sampling points with changing grid size for GBM
A proper rescaling of nMC,GBM, the number of MCP sampling points for GBM, with the total number of grid
points, n, is essential to ensure convergence of the effective GBM kinetics (e.g., GBM speeds) with RVE refinement.
To test the chosen scheme, a bicrystal having c-axis misorientations of ±pi/16 with respect to the [101] pole and a
misorientation of pi/8 to one another is subjected to the controlled nucleation of a new grain at the RVE center, whose
c-axis is aligned with the [101] pole (see Fig. 6). Suppressing any other nucleation, we test if the chosen scaling leads
to comparable results of the GBM kinetics by comparing nMC,GBM = 8, 18 and 32 on grids with, respectively, n = 323,
483 and 643 points (along with properly rescaled ∆t) according to the scaling relations of Section 3.1. For accelerated
albeit stable results in this example, we here use TS = 300K, γS = 0.31Jm−2 and ∆Ecr,GBM = −0.05Jm−3.
Fig. 6 illustrates how the qualitative migration behavior is conserved across the three grid resolutions, thanks to
properly rescaled nMC,GBM and ∆t. While the growing volume and surface of the new grain compare well between
resolutions (cf. Fig. 7), differences appear in terms of the non-smooth grain surface (despite identical GB energy
γS ). The shape of the GB becomes smoother and more regular with increasing n, especially at low strain levels.
An increasingly similar migration behavior towards higher strains both in terms of propagation velocity as well as
surface smoothness leads to the conclusion that the chosen scaling indeed leads to mesh-independent results in the
limit of negligible surface penalization effects, which is approximately reached at higher strains, where the difference
in Helmholtz free energy dominate the effects of surface penalization.
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Algorithm 1 Incremental update algorithm applied at each time step α.
1. Update the macroscopic/average deformation gradient to F∗α+1
2. Application of the FFT-based method to solve the elastic RVE problem (at fixed internal variables):
• compute Fk,α+1 = F(Xk, tα+1) ∀ k ∈ {1, ..., n}
3. Update the internal variables (at fixed deformation gradients):
• compute α+1(Xk), λα+1(Xk), Finα+1(Xk) ∀ k ∈ {1, . . . , n}/(SGBM ∪ SNCL)
• compute Feα+1(Xk) = Fα+1(Xk)
(
Frα+1(Xk)Finα+1(Xk)
)−1 ∀ k ∈ {1, . . . , n}/(SGBM ∪ SNCL),
where SGBM and SNCL denote the sets of nodes that currently undergo a state change in the sense of GBM and
NCL, respectively (i.e., those points are within their n∗ time steps to accommodate the state switch).
4. Monte-Carlo-Potts acceptance/rejection:
• randomly select nMC,GBM and nMC,NCL grid points from the set of, respectively, all GB-adjacent and all
grid points (not considering those in SGBM ∪ SNCL)
• for each of the nMC,GBM grid points (by considering all nearest-neighboring points for reference):
– compute the minimal ∆EGBM < 0 and associated wthreshGBM = wGBM(∆EGBM)
– generate a random number ξGBM
– if ξGBM ≤ wthreshGBM : insert grid point into SGBM
• for each of the nMC,NCL grid points (by considering a random orientation for the new grain):
– compute ∆ENCL and wthreshNCL = wNCL(∆ENCL)
– generate a random number ξNCL
– if ξNCL ≤ wthreshNCL : insert grid point into SNCL
5. Monte-Carlo-Potts updates:
for each k ∈ SGBM ∪ SNCL:
• if point k has just been inserted during this time step α:
– if k ∈ SGBM: set s0,i ← s0, j and m0,i ← m0, j, where j denotes the neighboring reference node whose
grain association is being advected
– if k ∈ SNCL: set s0,i ← s0,new and m0,i ← m0,new for a new random orientation of the nucleated grain
• update Fek,α → Fek,α+1 according to (26) by changing Frk,α → Frk,α+1,
if k ∈ SGBM: set εk,α+1 ← ε j,α+1 and λk,α+1 ← λ j,α+1, where j denotes the neighboring reference node
whose grain association is being advected
• if α is the n∗-th increment for grid point k (completing the state switch):
– if k ∈ SGBM: remove k from SGBM
– if k ∈ SNCL: remove k from SNCL
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Figure 6: Comparison of GBM for a newly nucleated grain (shown in blue) embedded within a bicrystal (only one of the two original crystals is
shown in red) for n = 323 (top), n = 483 (center) and n = 643 (bottom), when using the scaling relations introduced in Section 3.1. The five
snapshots are taken at different average strain levels, using the aforementioned simple shear setup.
4.2. Scaling of the number of MCP sampling points with changing grid size for NCL
Having verified proper scaling of the effective kinetics for GBM, we next study the chosen MC scheme for NCL.
As a benchmark, we investigate a polycrystal composed of initially 128 grains with randomly distributed c-axis
misorientations within ≤ pi/16 from the [101] axis. The choice of a [101]-biased texture is due to relatively poor
basal slip under the prescribed simple shear, which promotes prismatic and 〈c + a〉-slip and thus showcases the full
capabilities of the model to treat severe inelastic anisotropy. Due to inconsequential observations about the correlation
between initial grain orientations and NCL during recrystallization, we consider the pseudo-random initial texture
around the [101]-pole appropriate8.
We use the parameters of Table 1 and rescale nMC,GBM and nMC,NCL for three different grid sizes n, as discussed
in Sections 3.1 and 4.1. Fig. 8 compares the effective RVE stress–strain response for different choices of n, showing
convincing agreement. Deviations are observed at larger strains predominantly for the secondary recrystallization
cycle. The reduction in peak stress for the relatively coarse choice of n = 323 is explained by the fact that, with
increasing n, the nMC,NCL points selected for potential NCL increasingly lie away from GB triple-junctions, which are
energetically preferable sites for nucleation but statistically less often sampled with increasing n.
As a further illustration, the histograms in Fig. 9 show the changes in the relative grain sizes (measured as fractions
of the RVE volume) for the three discretization levels of Fig. 8. As expected, recrystallization leads to a reduction in
the average grain size as well as to a spread in the grain size distribution. A stronger shift towards smaller grain sizes
with decreasing grid resolution emphasizes the aforementioned increased nucleation activity at lower resolutions due
to the increased probability of selecting MCP points near triple-junctions. However, overall results – both the effective
stress–strain response and the microstructural changes – tend to converge with increasing grid resolution.
8For example, Al-Samman and Gottstein (2008) showed that for specific combinations of process temperature and strain rate, texture random-
ization in Mg alloys could be observed; yet, the emergence of random textures (as opposed to highly textured microstructures) varied with initial
microstructure and no clear trend can be concluded.
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(a) Surface of the nucleus normalized by the RVE’s surface area(b) Volume of the nucleus normalized by the RVE’s total volume
Figure 7: Quantitative comparison of the volume and surface area of the newly nucleated grain in Fig. 6, demonstrating grid size-independent GBM
kinetics across three different RVE discretizations with n = 323, 483, 643.
Figure 8: Comparison of the average shear stress P∗13 = 〈P13〉 vs. average shear strain F∗13 for n = 323, 483, 643, using the scaling of the number of
MCP sampling points with n as introduced in Section 3.1.
4.3. Dependence of the homogenized behavior on statistical MCP sampling
Although our FMCP approach is stochastic and therefore expected to yield different results when repeated even
under identical initial conditions, comparable effective material behavior (i.e., evolution of both macroscopic stresses
and microstructural statistics) is expected for sufficiently large RVEs and statistically similar initial orientation dis-
tributions (e.g., chosen from a fixed range of orientations around a given pole, as discussed above). As an ensemble
study, we conducted four simulations with identical initial microstructures, differing merely by the random seed used
for the MCP point selection. Fig. 10 illustrates the results of two different examples, each having 128 initial grains but
with their initial textures spread around the [101]-pole by less than either pi/16 or pi/8. For both cases, the differences
in the homogenized stress–strain response between the four runs is small with the highest relative deviations in the
stresses found around 3.5% and 4.2% for the scenarios with, respectively, lower and higher misorientations. Based
on the relatively low amount of basal slip for grains with a rotation close to pi/4 under this shear loading, a higher
inelastic strain energy density is attained through increased prismatic and particularly pyramidal slip. This accelerated
rise of the inelastic energy density in return causes nucleation at relatively low average strains. The shift in nucleation
initiation of the individual recrystallization cycles thus ultimately causes the observable difference in the number of
cycles passed until the final strain of F∗13 = 0.05.
5. Results: Microstructural evolution and resulting stress–strain response during ECAE
Motivated by the prevalent simple shear deformation in the process zone of ECAE, the macroscopic load history
for all subsequent examples has the form F∗(t) = I + γ˙sht e1 ⊗ e3, where γ˙sh denotes the shear rate (which for
quasistatics is set to γ˙sh = 10−5 s−1). The low strain rate allows us to replicate the multi-peak stress–strain behavior
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Figure 9: Evolution of the grain size distribution shown as histograms of RVE volume fractions of the grain volumes, thresholded by
{0.10%, 0.25%, 0.50%, 1.0%, 2.0%} for average shear strain levels of 1.80% (red), 2.35% (yellow), 3.25% (green) and 3.90% (purple) as com-
pared to the initial distribution (blue, on the left) for n = 323 (left), n = 483 (center) and n = 643 (right).
characteristic of low-strain-rate/high-temperature discontinuous dynamic recrystallization, in which periods of pure
inelastic deformation and of recrystallization can be distinguished, which, in turn, allows us to more cleanly inspect
the effects of the various model parameters. In conformity with a classic ECAE setup endowed with a 90◦ turn,
the extrusion direction (ED), transverse direction (TD) and normal direction (ND) are in our setup, respectively, the
positive x-axis, positive y-axis and negative z-axis. The incremental time step is set to ∆t = 0.5 s for the case of
n = 643 (N = 64) and accordingly scaled for all other discretizations. All investigations are conducted up to a
maximum strain9 of γsh,max= γ˙shtmax = 0.05.
We investigate a polycrystal with initially 128 randomly oriented grains with a maximum misorientation of pi/8
from the [101]-pole. Fig. 11 illustrates the evolution of the homogenized shear stress P∗13 = 〈P13〉 with the applied
shear strain F∗13. Following an initial phase of recrystallization-free elastic-plastic deformation, the onset of nucleation
is identified by the stress decrease due to the nucleation of new grains (near point B). The subsequent growth of those
pristine grains by GBM alongside further NCL causes a continuing decrease of the homogenized stress up to point D,
where the entire RVE is consumed by the nucleated grains. The fully recrystallized RVE then undergoes, again, elastic-
plastic deformation resulting in a rising average stress. When the inelastic strain energy is again sufficiently high to
increase the probability of nucleation, recrystallization results in another stress reduction – overall thus resulting in the
classical multi-peak stress–strain behavior observed at low strain rates (Hallberg, 2011). For higher strain rates, the
distinction between time periods in which recrystallization-free deformation is dominant vs. periods in which NCL
9We note that the simulation temperature for both GBM and NCL was set in such a way to observe recrystallization at strains below those
observed in experiments (which is beneficial for computational efficiency at such low strain rates). The reason for this choice lies in the nature of
the material parameters present in the Mg constitutive model, which were fitted to room-temperature data (Chang and Kochmann, 2015). This is
significantly below the temperatures at which dynamic recrystallization investigations are conducted and thus only allows the underlying material
model to function in a stable manner at low strains. The inclusion of temperature-dependent models is, however, readily possible, in which case
recrystallization can be captured at the experimentally observed strain levels. The simulation temperature is thus exploited for rescaling, which
enables large-strain effects at smaller strain levels.
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Figure 10: Illustration of the (negligible) influence of the random seed used for MCP sampling point selection under otherwise identical conditions
including the same initial microstructure comprising 128 grains with two misorientation ranges of the c-axis with respect to the [101]-pole, viz.
pi/16 (left) and pi/8 (right). Each set of four curves corresponds to four repeated runs (relative errors are computed with respect to a fifth run whose
homogenized stress levels are referred to as 〈P†13〉).
F
J
G H
IEC
B
D
A
Figure 11: Evolution of the P∗13 = 〈P13〉 shear stress vs. the applied shear strain F∗13. Markers denote the strains corresponding to the grain, shear
stress and inelastic strain energy density distributions across the RVE shown in Figs. 13, 12 and 14, respectively.
and GBM are prevalent vanishes gradually. This ultimately results in the classic single-peak stress–strain behavior
(Hallberg, 2011; Rossard and Blain, 1959; Blaz et al., 1983), which can also be capture by the present model depending
on model parameters and will be discussed in Section 6.
To elucidate the underlying mesoscale mechanisms, Figs. 13, 12 and 14 illustrate the distributions of, respectively,
the grains, the 〈P13〉 stress, and the inelastic strain energy density (as a driving force for discontinuous dynamic
recrystallization) across the RVE. All three illustrations clearly support the identification of the individual stages in
which NCL vs. GBM vs. elastic/inelastic deformation is dominant (labels in Figs. 13–14 correspond to the strain
levels in Fig. 11). The two recrystallization waves become apparent in Fig. 13 which illustrates the newly nucleated
grains. The onset of each wave corresponds to states of high stresses and of high stored energy as seen in Figs. 12
and 14. In addition, a decrease of the average grain size is observable throughout the two recrystallization cycles as
mentioned in Section 4.2 (cf. the decrease in average grain size in Fig. 9).
It is interesting to compare the above results with a classical model for dynamic recrystallization frequently used
in the literature. The JMAK relation (Kolmogorov, 1937; Johnson and Mehl, 1939; Avrami, 1939) approximates the
evolution of the volume fraction of recrystallized material, ηRX ∈ [0, 1], in the form
ηRX(t) = 1 − exp
(
−
∫ t
tRX
v(τ) n˙NCL(τ) dτ
)
≈ 1 − exp(−A(t − tRX)p), (27)
where v(τ) and n˙NCL(τ) define, respectively, the reference volume and nucleation rate within previously unrecrystal-
lized material at time τ. A, p ∈ R+ describe constants dependent on both the material as well as the processing route;
p is commonly referred to as the Avrami coefficient. tRX is defined as the time at which recrystallization starts, which
we set to the time at which 1.0% of the RVE is recrystallized for a fair comparison with the JMAK model. In contrast
to our high-fidelity model, JMAK assumes simple GB kinetics (e.g., a constant nucleation rate and a constant growth
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Figure 12: Evolution of the P13 shear stress distribution at the ten strain levels marked in Fig. 11. The initiation and completion of each recrystal-
lization wave agrees well with the, respectively, highest and lowest stresses found across the RVE.
A B C D E
F G H I J
Figure 13: Evolution of the grain distribution, shown at the strain levels marked by points A through J in Fig. 11: the color code emphasizes
the microstructural evolution from the initial grain structure (gray) through a first recrystallization wave (new grains shown in red) and a second
recrystallization wave (new grains in blue). The observed recrystallization waves correlate well with the stress–strain behavior of Fig. 11.
velocity, thus neglecting any local effects (Raabe, 2002)). Since JMAK has been frequently used to infer recrystal-
lization specifics (Raabe, 1999, 2002; Ivasishin et al., 2006; Bernacki et al., 2009), it is interesting to compare (27) to
the results found here.
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Figure 14: Evolution of the inelastic strain energy density Wsl + W tw at the ten strain levels marked in Fig. 11. Each recrystallization wave is
associated with a decrease in the accumulated stored energy density through the nucleation and growth of grains.
Fig. 15 plots the evolution of ηRX as obtained from the simulations in Section 5. According to (27), we expect
log
[− log (1 − ηRX)] to scale linearly with (t − tRX), and the slope is identified as the Avrami coefficient p. The shown
scaling in Fig. 15 is more complex than linear, as can be expected from our high-fidelity model that circumvents the
various assumptions underlying JMAK theory. When computing the slope of the obtained curve at t − tRX = 100s,
300s and 750s, we obtain coefficients p = 0.64, 3.0 and 5.3, respectively. Especially the obtained p-values at 300s and
750s (i.e., when recrystallization is well underway) agree well with the range of previously reported Avrami exponents
of p = 4.0 (Doherty et al., 1993) and p = 3.91 (Bernacki et al., 2009), both for 3D simulations.
Figure 15: Evolution of volume fraction of recrystallized material as obtained from the simulations in Section 5, shown both on a linear (left) as
well as on a double-logarithmic scale (right) with three representative slopes p computed at t − tRX = 100s, 300s, 750s.
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6. Influence of the FMCP model parameters
The recrystallization kinetics in our model are governed by the probability of switching defined in (21). The
latter depends on several model parameters whose influence is investigated in the following and shown to allow us to
fine-tune the model for other applications involving variations in temperature and strain rate.
6.1. Numerical temperature TS
Due to the lack of a suitable temperature-dependent material model for Mg, temperature TS introduced in the
probabilistic recrystallization kinetics does not imply a true process temperature. However, it is expected to qual-
itatively show the correct influence of temperature on the recrystallization kinetics through the thermally-activated
migration and nucleation kinetics governed by (21). Fig. 16 illustrates the influence of changing TS on the multi-peak
stress–strain behavior and indeed reveals a reduction in peak stress and recrystallization wave period with increasing
TS . Since the underlying crystal plasticity model was calibrated for room temperature and invariant to changes in
temperature, the shown results underestimate the reduction in peak stress with increasing temperature.
Figure 16: Influence of variations in the simulation temperature TS on the multi-peak stress–strain behavior.
6.2. Critical nucleation and migration thresholds ∆Ecr,NCL and ∆Ecr,GBM
Changes in the critical energy thresholds in (21) affect the recrystallization kinetics and enable the transition from
a multi-peak to a single-peak stress–strain behavior, as shown in Fig. 17. In general, the transition from a serrated to a
single-peak flow stress behavior is observed for increasing strain rates or decreasing temperatures (Rossard and Blain,
1959; Blaz et al., 1983; Hallberg, 2011), caused by the gradual overlapping of individual recrystallization waves due
to accelerated inelastic deformation in the nucleated grains relative to a decreased migration behavior.
For fixed nMC,GBM, nMC,NCL and TS we may interpret changes in ∆ENCL and ∆EGBM by recourse to an empirical
rule for the critical dislocation density for NCL (Roberts and Ahlblom, 1978; Hallberg, 2011),
ρcr ∼
 γS˙peffblmτ2
1/3 , (28)
where b is the magnitude of the Burgers vector, l the dislocation mean-free path, m the GB mobility, τ = µb2/2
the dislocation line energy, and ˙p
eff
the phenomenological notion of a macroscopic plastic strain rate. In addition,
empirical laws predict a variation of the nucleation rate n˙NCL with process parameters such as temperature and strain
rate according to the classical form (Peczak and Luton, 1993; Hallberg, 2011)
n˙NCL ∼ ˙peff exp
( Q
RT
)
, (29)
where Q represents an activation energy, and R is the gas constant. Comparing (28) and (29) yields n˙NCL/ρcr ∼
(
˙
p
eff
)2/3
.
A relative decrease in ρcr with respect to the nucleation rate n˙NCL ∼ nMC,NCL/∆t is therefore associated with an increase
in ˙p
eff
. Given ∆Ecr,NCL ∼ ρcr (Mellbin et al., 2016), the tendency towards a single-peak flow stress evolution with
decreasing ∆Ecr,NCL, as observed in Fig. 17, therefore agrees well with increasing strain rates.
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Figure 17: Effects of variations in ∆Ecr,NCL and ∆Ecr,GBM on the homogenized stress–strain behavior (all energy densities given in units of GPa).
Unless otherwise indicated, the critical energy thresholds listed in Table 1 were used.
6.3. Number of MCP sampling points
The phenomenological relation for n˙NCL in (29) captures the transition from multi- to single-peak stress–strain
behavior with increasing strain rate and decreasing temperature. It was previously employed in phase field models
(Takaki et al., 2008), cellular automata (Ding and Guo, 2001) as well as MCP models (Ivasishin et al., 2006), where the
dependence on strain rate was, in principle, included in a term measuring the Hamiltonian change through nucleation.
Practically, however, that Hamiltonian change was set to a constant, thus eliminating the dependence on strain rate.
In our approach, the Arrhenius-type dependence on temperature is captured through the modified Glauber dynam-
ics, the dependence on strain rate emerges naturally from the rate-dependent constitutive model, and n˙NCL is directly
related to the choice of the number of MCP sampling points, nMC,NCL. We examine the latter relationship by increasing
nMC,NCL, which, as shown in Fig. 18, decreases the peak stresses. This is explained through an increase in nucleation
activity, not only by shifting the NCL probability to lower strain levels but also by increasing the total number of nu-
clei. At the same time, it does not significantly affect the multi-peak character of the stress–strain curve. By contrast,
increasing nMC,GBM yields the expected more pronounced multi-peak stress–strain behavior, since an increased migra-
tion speed promotes the completion of individual recrystallization waves, thus making an overlap of recrystallization
waves – as required for single-peak behavior – less likely.
7. Discussion
The previous sections demonstrated that the FMCP model introduced here provides a high-fidelity, mesh-indepen-
dent technique for modeling discontinuous dynamic recrystallization at finite strains by NCL and GBM in a statistical
fashion, whose kinetics are controlled by the FMCP model parameters – capturing both single- and multi-peak stress–
strain behavior as well as qualitatively describing the influence of process temperature. While previous approaches –
some of which were mentioned in Section 1 – showed advances in replicating the characteristic single- and/or multi-
peak flow stress response for this type of recrystallization seen in experiments (see, e.g., Fig. 19), to the best of our
knowledge, no previous model has presented a comparably general framework for arbitrary load paths and general,
finite-strain constitutive models including deformation twinning.
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Figure 18: Effects of variations in nMC,NCL and nMC,GBM on the homogenized stress–strain behavior for high critical energy thresholds ∆Ecr,NCL =
−10−3 Jm−3 and ∆Ecr,GBM = −6 · 10−4 Jm−3, and low ∆Ecr,NCL = −5 · 10−4 Jm−3 and ∆Ecr,GBM = −10−4 Jm−3.
In Section 6, we showed how the single- vs. multi-peak stress–strain behavior depends on the FMCP model
parameters. A refined model (particularly including a temperature-aware crystal plasticity model) may hence be used
to study the influence of process parameters such as temperature, loading rate and path.
Early recrystallization models were based on single scalar fields capturing the microstructure (such as the dis-
location density; see, e.g., Takaki et al. (2008)), where the temporal evolution was frequently governed by the phe-
nomenological model of Mecking and Kocks (1981) or an ad-hoc generated, oftentimes time-invariant stored energy
field (see, e.g., Ivasishin et al. (2006)). Recent work combined cellular automata with crystal plasticity models to show
how anisotropic inelasticity can be integrated into the framework of recrystallization (Popova et al., 2015). However,
the way in which nucleation was implemented in those models could not describe the emergence of a second recrys-
tallization wave and therefore restricted the simulations to a single recrystallization cycle.
The model presented here went from a pure description of GBM to an FMCP formulation that couples GBM and
NCL, further using physically motivated state change definitions that take into account the full elastic and inelastic
state of a material point. This not only allows us to capture multiple recrystallization waves but also leads to the
convergence towards a steady state for rising strains as well as a transition between single- and multi-peak stress–
strain behavior dependent on model parameters. Liao et al. (2014) observed exactly this transition, dependent on
process temperature, for Mg alloy AZ61 (see Fig 19). The flexibility to capture this phenomenon in the model is
readily given; yet, required is a careful parameter fitting as well as a temperature-aware constitutive model. Parameter
identification is challenging when studying ECAE since stress–strain data are hard to extract from experimental force-
displacements curves corrupted by friction in the device; therefore, alternative experimental setups may be preferable.
Figure 19: Evolution of the temperature-dependent single-to-multi-peak transition for Mg alloy AZ61 (Mg-6.1Al-1.1Zn-0.18Mn (wt%)) subjected
to hot isothermal compression tests at a constant strain rate of 0.1s−1 performed by a thermal simulation machine posterior to annealing conducted
at 400◦C for 60 min; data taken from (Liao et al., 2014).
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We point out that the particular combination of the FMCP model with the grid-based FFT solver of the mechanical
homogenization problem requires a careful treatment of local state switches, which was achieved by the gradual update
procedure of Section 3.3. Abrupt local changes would cause numerical instability due to enormous jumps in the
resolved shear stress on the individual slip and twin systems upon state switching. Our time-continuous interpretation
of state switches – accommodated by individually adopting the new stretch and rotation – provides a physics-informed
stabilization of the underlying mechanical solver. The presented formulation is sufficiently general to be applied to, in
principle, arbitrary constitutive models that involve sudden changes of the fields of deformation, providing increased
numerical stability while mechanical compatibility and invertability of the deformation gradient.
8. Conclusions
We presented a computational framework to model discontinuous dynamic recrystallization at finite strains while
accounting for strongly anisotropic inelasticity as well as alternative strain-accommodating microstructural mecha-
nisms such as deformation twinning in hcp metals. We combined an extended crystal plasticity model for Mg with a
Monte-Carlo-Potts approach to recrystallization. The latter treats both grain nucleation and grain boundary migration
in a statistical fashion, so that the kinetics of discontinuous dynamic recrystallization are described in a natural fashion
that is based on the local energetics of the polycrystalline microstructure. The mechanical homogenization problem
is solved on the RVE-level by recourse to an FFT-based solver whose regular spatial grids provides the natural basis
for the described coupling to the discrete, stochastic Monte-Carlo framework. In addition, the FFT efficiency admits
simulations at high spatial resolution. Simulation results showed that (i) the chosen Monte-Carlo protocol achieves
convergence of the recrystallization kinetics with grid resolution, (ii) results are (to a good approximation) insensitive
to the random selection of MCP sampling points, (iii) single- and multi-peak stress–strain behavior can be described
by a single model, depending on model parameters that are linked to the microstructural mechanisms of recrystalliza-
tion, (iv) the qualitative influence of process temperature is included, (v) the typical reduction in average grain size
and an increasing spread in grain sizes is observed for ECAE simulations, (vi) the obtained effective recrystallization
kinetics agree well with JMAK theory at sufficiently high strain levels (when recrystallization is well underway). The
presented model is sufficiently general to apply to other constitutive models and can be coupled to temperature-aware
constitutive models (without the scope of this investigation).
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Appendix A. Parameters used in the Mg material model
Table A.2 summarizes the material parameters based on the study of Chang and Kochmann (2015) to fully define
the slip-twinning interaction model introduced in Section 2.1. Solely τ0 differs from the parameter values used in
Chang and Kochmann (2015), which was changed due to the switch from an implicit to an explicit model (see Chang
et al. (2017)).
Table A.2: Material parameters used in the extended crystal plasticity model for Mg after Chang and Kochmann (2015). We note that parameter
τ0, the critical resolved shear stress, has been modified from the original model, since the formulation of Chang and Kochmann (2015) was used in
an implicit context, whereas here we use an explicit formulation that does not suffer from numerical complications by introducing a hard threshold
into the rate-dependent model; see also Chang et al. (2017).
basal slip (hardening & dissipation)
hα σ∞ hi j τ0 m γ˙0
7.1 0.70 0 17.5 0.05 1.0
elastic Lame´ moduli GPa MPa MPa MPa - s−1
λ µ
24.0 19.4 prismatic slip (hardening & dissipation)
GPa GPa hα σ∞ hi j τ0 m γ˙0
9.0 85 20 17.5 0.05 1.0
extension twins GPa MPa MPa MPa - s−1
h0 ki j ˙λ0 mtw γtw
1.7 40 1 1 0.129 pyramidal 〈c + a〉 slip (hardening & dissipation)
MPa GPa - - - hα σ∞ hi j τ0 m γ˙0
30 150 25 17.5 0.05 1.0
GPa MPa MPa MPa - s−1
Appendix B. Alternative definitions of state switches due to GBM
In Section 3.2 we presented a particular form of the local kinematic updates of the elastic state (Fe) and the
inelastic state (Fin, ε, λ) associated with a state switch due to GBM, as defined by (22) and complemented by (24).
We note that this choice is, of course, not unique. We therefore considered and discarded various alternatives which
are briefly summarized here to justify the particular choices made:
• Approach 1: A moving GB can be interpreted as a reconfiguration front which leaves the region over which it
has swept in a pristine, defect-free state. In terms of the state variables used in this model, this implies ˜k = 0,
˜λk = 0, ˜Fin = I but ˜Fe = Fe and ˜Fr = (Fe)−1F, where the tilde denotes the state after the state switch.
Unfortunately, a pristine elastic state would lead to excessively high local stresses which, in turn, translate into
high flow stresses on certain slip systems. The latter is physically questionable and also leads to convergence
failure of the crystal plasticity model employed here. Moreover, although the passage of a GB is expected to
dissolve existing defect structures, the recovery of a completely pristine grain is physically unlikely.
• Approach 2: The above problem can be partially overcome by adding a complete relaxation of the stress state.
In terms of the state variables this translates into ˜k = 0, ˜λk = 0, ˜Fin = I, ˜Fe = I, and ˜Fr = F. This, however,
equates migration to nucleation, which has little physical justification and implies that severe local deformation
gradients F may result in zero local stresses.
• Approach 3: In our approach, we assume that the inelastic state of a point that is passed by a migrating GB
is independent of its history before GB arrival but affected by the plastic history and defect structure in the
expanding grain. This translates into the update laws (22). Specifically by assuming that the elastic state of the
neighboring grain is also adopted, we avoid the aforementioned excessive stress increase and – in conjunction
with the time-continuous adoption process outlined in Section 3.3 – achieve numerical stability.
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